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Rigged Hilbert spaces and inductive limits
S.A. Pol’shin∗
Abstract
We construct a nuclear space Φ as an inductive limit of finite-
dimensional subspaces of a Hilbert space H in such a way that
(Φ,H,Φ′) becomes a rigged Hilbert space, thus simplifying the con-
struction by Bellomonte and Trapani.
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Rigged Hilbert spaces (RHS) introduced by Gelfand and Kostyuchenko
in 1955 now play an important role in the theory of eigenfunction expan-
sions [11, 3, 13] as well as in the theory of resonant states in quantum
mechanics (see [5, 7] for a review). Constructions of rigged Hilbert spaces
used in physics are based on spaces of analytic functions [10, 6]. Recently
the use of inductive limits was proposed to construct RHS [2]. In the present
note we simplify the method of [2] by restricting ourselves to strict inductive
limits of spectra of finite-dimensional Hilbert spaces. Also we fill the gap in
the construction presented in [12].
Recall [8] that a direct spectrum is a family {Hi; i ∈ N} of LCVS together
with continuous maps ϕij : Hi → Hj for all i < j such that the equality
ϕijϕjk = ϕik holds for all i < j < k.
Suppose {Hi} is an inflating sequence of LCVS (i.e. Hi ⊂ Hi+1 for all
i), then Φ =
⋃
∞
n−1Hi endowed with inductive topology w.r.t. canonical
embeddings ϕi : Hi → Φ is called inductive limit of the direct spectrum
{Hi} denoted by lim→Hi. Then due to well-known universality of inductive
topology ([14], II.6.1; [4], 2.3.5) we have analogous universality property of
direct limit [8].
Proposition 1. Let Φ˜ be a LCVS and let ϕ˜i : Hi → Φ˜ be continuous maps
such that ϕi i+1ϕ˜i = ϕ˜i+1 for all i. Then the continuous map λ : Φ → Φ˜
there exists such that the diagram
Φ˜ Φ
λoo
. . . // Hi ϕi i+1
//
ϕ˜i
``❆❆❆❆❆❆❆❆
ϕi
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
Hi+1 //
ϕ˜i+1
hh◗◗◗◗◗◗◗◗◗◗◗◗◗◗◗◗
ϕi+1
<<③③③③③③③③③
. . .
(1)
commutes, where Φ = lim→Hi.
Taking Φ˜ = C in Prop. 1 we obtain the following corollary due to
Dieudonne´ and Schwartz.
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Corollary 1. Any linear functional on lim→Hi is continuous iff its restric-
tions to each Hi are.
Suppose now thatHi 6= Hi+1 for all i and the topology ofHi is equivalent
to those induced from Hi+1, then the inductive limit is called strict. It is
well known that the strict inductive limit is complete, Hausdorff and nuclear
provided all the Hi are ([14], II.6.4, II.6.6, III.7.4; [4], 2.6.2, 2.6.5).
Definition 1. Let i : Φ → H be an injective homomorphism of complete
nuclear space Φ into Hilbert space H with dense range. Then (Φ, H,Φ′) is
called Gelfand triple (or RHS ).
Example 1. Consider the construction of [12] based on the embedding of
the space s of rapidly decreasing sequences into ℓ2. The range of this embed-
ding is indeed dense in ℓ2 (each finite-dimensional subspace of ℓ2 contains
an element of s). It remains to show that this embedding is continuous,
but it follows from the following definition of topology of s by seminorms
equivalent to ordinary one ([4], 1.3.19):
qk(x)
2 =
∞∑
n=1
n4k|xn|
2.
In particular, we can take functional realization s ∼= C∞(T) and ℓ2 ∼= L2(T).
Let H ∼= ℓ2 be a separable infinite-dimensional Hilbert space with basis
{ei, i ∈ N}, then for any x =
∑
∞
i=1 xiei ∈ H we can define its projections
Pnx =
∑n
i=1 xiei ∈ Hn = span{ei, i = 1, . . . , n}. Let {αi, i ∈ N} be an
increasing sequence of natural numbers, we see that Φ = lim→Hαi is dense
in H since ‖x − Pnx‖H →n→∞ 0. Then from Prop. 1 it follows that the
continuous map λ : Φ→ H there exist and it is injective. Indeed, otherwise
we have λϕαi(x) = 0 for some i and x 6= 0 in Hαi , but this violates the
injectivity of ϕ˜i in the diagram (1).
The above construction may be reversed in the following sense. Let
Φ = lim→Hi be a strict inductive limit of a sequence of finite-dimensional
Hilbert spaces. Consider the bilinear form on Φ defined by 〈x, y〉Φ = 〈x, y〉Hi
for x, y ∈ Hi. This definition is correct since all the ϕij are isometries and
〈−,−〉Φ is continuous due to Corollary 1. Then we can take Hilbert space
H to be (isomorphic to) the completion of Φ w.r.t. this norm in the spirit of
original construction presented in [11]; see also [9] for another definition of
continuous norm on inductive limit spaces. So we have proved the following
proposition.
Proposition 2. Consider the following data:
• Separable infinite-dimensional Hilbert space H.
• Strict inductive limit of a sequence of finite-dimensional Hilbert spaces.
Then starting from one of these data we can construct another one in such
a way that (Φ, H,Φ′) becomes a RHS.
Example 2. Let Hn be the space of polynomials on ξ ∈ R on degree ≤ n
and let H = L2(R). Consider continuous embedding Hn → H : P (ξ) 7→
e−x
2/4P (ξ), then due to the density theorem ([1], Theorem 4.5.1) we see
that Φ = lim→Hn is dense in H , so (Φ, H,Φ
′) is a RHS.
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